TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 353, Number 8, Pages 3371-3389

S 0002-9947(01)02786-6

Article electronically published on April 9, 2001

PROJECTIVE METRICS AND
MIXING PROPERTIES ON TOWERS

VERONIQUE MAUME-DESCHAMPS

ABSTRACT. We study the decay of correlations for towers. Using Birkhoff’s
projective metrics, we obtain a rate of mixing of the form:

en(f, 9) < Cta()|IfNl gl

where a(n) goes to zero in a way related to the asymptotic mass of upper
floors, ||f|| is some Lipschitz norm and ||g||1 is some L' norm. The fact that
the dependence on g is given by an L! norm is useful to study asymptotic laws
of successive entrance times.

INTRODUCTION

A powerful method to study nonuniformly hyperbolic systems or hyperbolic sys-
tems with singularities consists in conjugating the system to a tower (see the de-
scription of towers below). Indeed, this strategy was initiated by F. Hofbauer ([H])
to study piecewise expanding maps of the interval. It was then used to study piece-
wise expanding maps in higher dimension ([Buz]), stochastic stability of unimodal
maps (([Ba,V], [Ba,Y]), to obtain exponential decay of correlations for unimodal
maps ([K.N],[YT]), some billiards ([YT], [Ch]), Henon maps ([B,Y]), partially hy-
perbolic diffeomorphisms ([D], [Cal). In a recent paper, L.-S. Young ([Y2]) relates
the decay of correlations for some mixing towers to the asymptotics of return times
on the base of the tower. This gives, for example, polynomial decay of correlations
for some interval maps with neutral fixed points. To this aim, she uses a coupling
method.

We present a new approach to studying mixing properties on towers “ala Young”.
Using Birkhoff cones and projective metrics instead of coupling, we relate explicitly
the rate of mixing to the mass of upper floors of the tower (Theorem [[H). More-
over, our method gives strong mixing properties: the correlations depend of one
observable solely through some L' norm. This is very useful to study asymptotic
laws of return times and successive return times (see [C|, [C,G,S], [G,S], [Saul, [P]).

Section [1l contains the setting and precise statement of the results on decay of
correlations (Theorem [1.5).

In section [2| we briefly recall definitions and properties of Birkhoff’s cones and
projective metrics.

Section [3] is devoted to the proof of the estimation of decay of correlations. The
strategy is the following: we construct a sequence of cones of locally Lipschitz
functions C; such that for some k € N the transfer operator L* maps C; into Cj44
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3372 VERONIQUE MAUME-DESCHAMPS

with contraction v; < 1. The rate of mixing is given by the product of the ~;’s.
This product is easily related to the mass of the upper floors and may be sub-
exponential. The rate of convergence of L¥ to the spectral projection associated
with the invariant density is obtained in the uniform norm on each floor.

In section @ we discuss specific rates of mixing and lower bounds for uniform
speed of convergence.

Acknowledgments. This article answers a question that Viviane Baladi posed
to me. I thank her for this question and for many fruitful discussions on related
topics. I also acknowledge support from the PRODYN program of the European
Science Foundation.

1. SETTING7 STATEMENT OF THE RESULTS

Let us describe the tower model. We follow Young’s setting.

A tower A consists of floors Ay, £ € N. The base Ag of the tower is a probability
space; let mq be the probability measure on Ag. The tower structure is given by a
partition (A));jen (mod mg) of Ag and a return time function defined on the base
Ag of the tower R : Ag — N which is constant on each Aé. The floors Ay are just
copies of a part of Ag:

Ay =A{(x,0) /z € Ny, R(x) > {}.
We will denote by AZ the copies of Ag:
AN = {(z,0) Jx € A}, R(z) > {} C Ay
The dynamic on the tower is given by fo : Ag — Ag such that fy : Aé — Ag is
bijective (mod my).

Remark 1.1. The assumption that fy : Ag — Mg is bijective may be replaced
by the Markov assumption: fo(A}) is a union of some AX’s and the large image

property: dn > 0 such that i‘nlf\I mo(fo(AD)) > n.
JE€

Let us consider F' : A — A defined by

F(z,0) = F(x,£+1) for (z,0) € Ay and R(x) > ¢+ 1
= fo(z,0) =: FE(z,0) otherwise.

On each floor A, we put the o-algebra of Ag pushed by F’, so that A is a measur-
able space. We assume that the partition R = {A}} generates in the sense that

\/ F7'R = {\/ F7lA;, A e R}, is the partition into points. For k£ € N, the
i=0

i=0
k—1
elements of the partition R*® = \/ F~'R are called cylinder or k-cylinders. We
i=0

denote by Cx(x) the element of R*) which contains z.

The measure myg is pushed on each floor by F, we assume that [ Rdmg < oo,
so that we obtain a finite measure on A. This measure will also be denoted by my
and we assume that it has been normalized (mo(A) = 1).

The space A may be endowed with a dynamical distance. For z and y in Ag, the
separation time s(z,y) is the greatest integer n such that (F#)?(x) and (FT)P(y)
belong to the same Aé for all p < m. If x and y belong to Ay, £ > 1, then they
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have exactly one preimage z° and y° in Ag, the separation time between z and y is

s(z,y) = s(z°,y°), if 2 and y are not in the same Ay, then s(x,y) = 0. The distance

on the tower is defined by : d(z,y) = 55@Y) for some 0 < 3 < 1. Endowed with

this metric, the space A is separable (the topology is generated by the cylinders).
We will always assume the following regularity condition on F':

FR:A6—>A0

and its inverse are nonsingular. Its Jacobian JF% satisfies the following bounded
distortion inequality: 3C' > 0 such that Vj € N Vz,y € A}

JFE(z)
BD L 1] < Cd(FR(x), FR(y)).
(BD) TERg 1] € alFa), )
The Ruelle-Perron-Frobenius operator or transfer operator associated to F' is de-
fined in the standard way:

Lof(x)= Y JF(y)'f(y),
F(y)==
where JF is the Jacobian of F'. Remark that except on Ag, this Jacobian is 1. The
bounded distortion property implies that for any « € A} with R(j) = ¢+ 1,

(1.1) Clmg(A)) < JF(z)™ < Cmg(A)).
More generally, for any k € N, for any 2 € A such that F¥(z) € Ao,
(1.2) C™ mo(Cr(z)) < JF*(x)™1 < Cmo(Cr()).

So Ly is well defined and acts continuously on the space C,(A) of uniformly con-
tinuous and bounded functions on A, it also acts on L!(my).
The following facts on Ly directly follow from the definitions:

° /Lof-gdmo = /goF-fdmo for all f and g in C,(A) (i.e. my is a conformal

measure),

e a measure y = homo, hg € L'(m) is F invariant if and only if Lohg = ho.
We expect that the mixing properties of an invariant measure absolutely continuous
with respect to mg are related to the spectral properties of Ly. To be more precise,
let us assume that there exists a fixed point hy € C,,(X) for Lo which is normalized
(mo(ho) = 1) and let u = hgmg. For f € C,(X) and g € L' (my), the correlations
of f and g measure the lack of independence between f and g o F™ with respect to
the invariant measure u: for n € N,

cn(frg) = /f(goF”)du—/fdu/ng‘.

The measure y is mizing if and only if the coefficients ¢, (f, g) go to zero for any
f€Cu(X) and g € L*(mo). In this case, estimates on the speed of convergence to
zero of ¢, (f,g) or, equivalently, estimates on the decay of correlations may lead to
the Central Limit Theorem (see [Li2]) and to the determination of asymptotic laws
for entrance times (see [G,S| and [Saul). The following trivial computation relates
the decay of correlations to the asymptotic behavior of the iterates of Ly:

(1.3) en(fr9) =

/ (L2 (fho) — homo( fho)lgdimo
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so that if Ly f — homo(f) in some reasonable way, then p is mixing and estimates on

the speed of this convergence would lead to estimates on the decay of correlations.
We will denote by L the space of functions that are uniformly Lipschitz (u.L.)

and bounded on A. That is, bounded functions f satisfying the u.L. condition:
there exists L(f) > 0, such that for z and y in the same Ay,

|f(x) = f(y)] < L(f)d(z,y).

Let || f|| = max(]| f]|oos L(f)), this defines a norm on L which turns L into a Banach
space.

1.1. Invariant measure and decay of correlations. Under some additional
assumptions, we will prove existence and uniqueness on an F-invariant probability,
absolutely continuous with respect to mg. We will also give some estimations on
the decay of correlations when this invariant measure is mixing.

Following [A,D,U], we will say that the system (A, F) is irreducible if for all
i, 7, £, £, there exists an integer n such that F*"Ai N A}, # @; we will say that
the system (A, F) is aperiodic if for all 4, j, £, ¢, there exists an integer N such that
foralln > N, F _"Az N A} # @. Following Markov chains and positive matrices
methods ([Se]), it may be proved that aperiodicity is equivalent to L.-S. Young’s
condition: g.c.d. R =1 ([Y2]).

To study mixing properties of L, we will need to deal with more general poten-
tials.

Let ® : A — R satisfy the uniformly locally Lipschitz (u.l.L.) condition:

there exists a constant L > 0 such that, for all z and y in the same Az,

|®(2) — (y)| < Ld(z,y).
The associated transfer operator Lg is well defined if
YV € A, Z W < .
Fy=x
It is then defined by
Lof(x) = ) e®™f(y).
Fy=zx

Under some general conditions, the operator L admits a unique nonzero positive
fixed point.

Theorem 1.2. Let ® satisfy the u.l.L condition, have a conformal measure m’
(i.e. m'(Eof) = m/(f) Vf € Cu(A)), satisfy the “weak contribution of infinity”
condition:
(K) Ing / VYn >mng sup |Lel(x)| <1,
zEA,

and ||Ee1|eo < 00, then Ly admits a nonzero positive fixed point he € L.

If (A, F) is irreducible, then hg > 0, unique up to a multiplicative factor and
the invariant measure u = hem' is ergodic.

If (A, F) is aperiodic, then u is mizing. Moreover L§f converges to hem/(f)
uniformly on each compact subset of A and in L*(m’) for any f € Cy(A).

Remark 1.3. The function ® is not necessarily bounded but the hypothesis
|[La1|s < oo implies that the function e® is bounded.
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The proof of Theorem is now more or less standard. It follows arguments
from [Sa] and [Mall, [Ma2] (see also [Y2] for a proof without transfer operator). We
will just sketch the different steps. We begin with the following lemma.

Lemma 1.4. Let ® satisfy the hypothesis of Theorem [L2, then there exists M > 0
such thatV k € N, |81 < M.

Proof. First, let us note that the u.l.L condition implies the following bounded
distortion property: 3C' > 0 such that Va,y in the same Ay,

Lg1(z)
Lg1(y)
Let ® satisfy the “weak contribution of infinity condition”. For any k € N, n € N
and x € A,,, the bounded distortion property gives

Vk € N, -1

< Cd(z, y).

E¥1(z) < C#A)/L’gldm’

n

1 k /
< -

< Cm/(An)/Lq,ldm
A

= C /; because m’ is a conformal probability.
m/(An)
So, M’ > 0 exists such that sup,¢, L51(x) < M’ for all k € N and for all n < ng.
It remains to control Lél(m) for k € Nand ¢ € A,, n > ng. Let us denote by
My, = sup,ea LE1(2) < 0o because of |[L*1]| < oo for all k. Since ® satisfies
the weak contribution of infinity assumption, if = belongs to A,, n > ng, then
Lsl(xz) <1 and

LAH1(2) < Lal(x) -supLh1 < M;.
A

So, Myy1 < max(M’, M) which leads to My < max(M’,1) which concludes the
proof. O

Sketch of Proof of Theorem[T.Z2 From Lemma [[4] there exists M > 0 such that
[L51)|c < M for all k € N. Tt is then easy to see that Lg acts on L. Indeed,

letting f belong to L we have the following inequality: Vk € N
ILE f(z) — LY f(y)] < d(z,y) Ct [||flloo + L(f)] Yz, y in the same floor.

Ascoli’s theorem on separable spaces implies that there exists a sequence nj such
that Q,, = n—lk Sty ! prl converges, uniformly on compact subsets of A and in
LY(m'), to some limit he € L. Using the fact that m’ is conformal, we get that
this limit is nonzero (indeed, m’(hg) = 1 by Lebesgue’s theorem) and satisfies
Lohe = he. Let u = hem'; this is a F-invariant probability.

If (A, F) is irreducible, then [A,D,U] (Theorem 2.5) implies that p = hm is
ergodic and h > 0.

Using [A,D,U] Theorem 3.2 (see also Young’s arguments [Y2]), aperiodicity of
the system implies that (F,p) is exact. If p is mixing, then Lg f converges to
hem/(f) uniformly on each compact subset of A (any accumulation point of L f
must be hem/(f) because of mixing). O

Recall that Ly is the transfer operator associated to the potential —log JF.
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Theorem 1.5. The operator Ly admits a nonzero positive fixed point hg € L.

If (A, F) is irreducible, then hg > 0 is unique up to a multiplicative factor and
the invariant measure p = homyg is ergodic.

If (A, F) is aperiodic, then i is mizing. Moreover L{f converges to homo(f)
uniformly on each compact subset of A and in L'(mg) for any f € Cu(A).

For any increasing sequence (vn)nen such that ) ,cmo(Ae) - ve < 0o, for any
f € L and g such that gv € L'(my) (gv is defined by gv(x) = g(x)ve if x belong to
Ay), there exists 0 < v < 1 such that

ca(f,9) < Ct max((va) ™", YISl lgvlls-

We also estimate the speed of convergence of Lj f to homo(f) in the uniform norm
on each floor.

In particular,

e if there exist constants 0 < ey and 0 < 0 < 1 such that for all £ € N, m(Ay) <
10, then there exists 0 <~ < 1 such that for any §' < 6, for g such that g€ LY(m)

(where & (x) = ge(ff_;) for z € Ay),
enlfog) < Ce@) v A1 || -
o if there exist constants 0 < e1, 0 < 0 <1 and 0 < B < 1 such that for all
e N, m(Ay) < €109, then for any B < B, let vy = 6%,
nﬁl
en(fi9) < Ct (800" |IfIl llgvll,
e if there exist constants 0 < ey, 3 > 1 such that for all £ € N, m(Ay) < ey 07,

-1
then for any v > 1, let vy = [%9:} )

9
0/

1
nl£.9) < Ct () B 1) ).

Remark 1.6. On the one hand, L-S. Young obtained a decay of correlations in
O(n=B=Y) in the polynomial case above. Our result is a little bit slower in this
case. Except for this, we rediscover her results. On the other hand, we get that the
decay of correlations is of the form ¢, (f,g) < (v,) tC(f,g) where the dependence
of C(f,g) on g is given by ||gv||1. This kind of property is very useful in studying
asymptotic laws of successive return times (see [C,G,9], [G,T], [Sau], [P]) and was
not obtained using coupling methods as in [Y2].

Existence and mixing properties of an invariant measure absolutely continuous
with respect to mg follow from Theorem [[22 Remark that (J]) and (BD) imply
that the hypothesis of Lemma [[.4] is satisfied for ® = —log JF (obviously from
definitions, myg is a conformal probability).

Our estimation of the decay of correlations is based on Birkhoff’s cones and
projective metrics. Let us briefly recall basic definitions and facts on this theory.

2. BIRKHOFF’S CONES AND PROJECTIVE METRICS

The theory of cones and projective metrics of G. Birkhoff [Bil] is a powerful tool
to study linear operators. P. Ferrero and B. Schmitt [F,S1] applied it to estimate
the correlation decay for random dynamical systems. This strategy had been used
by many authors. Let us mention C. Liverani [Lil] and M. Viana [V] for Anosov
and Axiom A diffeomorphisms. They used Birkhoff cones to obtain exponential
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decay of correlations. In [K,M,S] the Birkhoff cones techniques were used in a
different way to obtain sub-exponential decay of correlations. The way we use cone
techniques to prove Theorem follows some ideas of P. Ferrero and B. Schmitt
([F,S2]) and [Mall, Ma2].

Let us recall definitions and properties of cones and projective metrics (see [Lil]
for a more complete presentation).

Let B be a vector space and C' C B a cone with the following properties.

e (' is convex,

e CN—-C =0},

e if o, is a sequence of real numbers such that a,, — o and ¢ — a,y € C Vn

then z — ay € C. This property is called “integral closure”.

For such a cone, the pseudo-metric ¢ on C' is defined in the following way. Let
z,y € C,

w(z,y) = inf{B > 0 such that fz —y € C},

l(z,y) = sup{a > 0 such that y — ax € C},

with the convention: p(z,y) = oo and I(z,y) = 0 if the corresponding sets are
empty. Let 0c(z,y) = log 7. 0¢ is called pseudo-metric because it is not necessarily
finite. Moreover, it is a projective pseudo-metric: if x and x; are proportional, then
for any y € Ca OC(xay) = QC(xlvy)'

The following two results reveal the usefulness of projective metrics. Let C' and
C’ be two cones, P a linear operator P : C — C’. Let A denote the diameter of
PC in C":

A = sup Oc/(Pf, Pg).
f.9€eC

Theorem 2.1 ([Bil]). For any f,g in C, we have
A
ber(PF,Pg) < tanh () b f.0)

This theorem implies that P : C — C’ is always a contraction (in the wide sense)
for the projective metrics. If A < oo, then it is a strict contraction.

The following result relies the metric ¢ to certain norms on B. A norm | || on
B is a norm adapted to C' if for f and g in B such that if f + g belongs to C' and
f — g belongs to C, then ||g|]| < ||f]l- p is a homogeneous form adapted to C if p
maps C to RT, for any I > 0 and f € C, p(If) = lp(f) and if f — g € C implies
p(g) < p(f).
Theorem 2.2 ([Bil], [Lil]). Let C be a cone, let || || and p be adapted to C. For
any f and g in C such that p(f) = p(g) # 0 we have

1f = gll < (Y9 — 1) min(||£]], |lg])-
3. PROOF OF THEOREM
We will now prove Theorem [LEl Let us begin with the following remark.

Remark 3.1. Let v = (vg)ren be an increasing sequence of positive numbers such
that

Zmo(Ag) - vp < 00.

LeN
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We will consider such a v as a function on A: v(x) = vy if x belongs to A,. Let L be
the transfer operator associated to the change of potential v: Lf = v~'Lo(fv). The
measure m = vmy is conformal for L and it follows easily from (II) and Lemma
[[4 that supyey |ILF1]|o0 < 00. Moreover, h = ho is an eigenvector for L. Theorem
implies that for any f € C,(A),

L*f — hm(f) uniformly on each compact set.

Throughout this section, we fix a strictly increasing sequence v = (vg)gen such
that m(A) < oo and the sequence ( vfj -)een is also increasing. We will assume that
m and h are normalized (m(A) =1 and m(h) = 1). We will work with the transfer
operator L.

As usual in these topics, the main tool is a “Lasota-Yorke” type inequality.

Before proving it, let us study the distance on A a bit.

3.1. Some properties of the distance on A. Let us consider the following
function on A: p(z) = B if x belongs to Ag and p(z) = 1 otherwise. For k& € N, we

k
will denote by p*)(z) = H p(F'z). The relation between p(*) and the distance on
i=0

A is the following;:
if z and y are in A, their preimages by F* are paired. If 2’ is a preimage of x,
we will denote by 3’ the preimage of y which belongs to Ci(2’). We have

d(xlv y,) = p(k) ((E,) : d(:[,‘, y)
The following lemma proves that p(*) (x) is almost exponential.

Lemma 3.2. There exists 0 < v < 1 such that for all n > 0, there exists Q,, C A
of m measure greater than 1 —n and ko(n) such that for all k > ko and z € Q,,
p®) (z) < AF.

Proof. This is an easy consequence of Birkhoff’s ergodic theorem and Egoroff’s
theorem applied to log p. O

Remark 3.3. A finer analysis on p(*) should allow one to avoid the use of Birkhoff’s
and Egoroft’s theorems and so give a constructive bound for k.

3.2. A Lasota-Yorke type inequality. We are now in position to prove a Lasota-
Yorke type inequality.

Lemma 3.4. For any € > 0, there exists C' > 0, N € N and ko € N such that for
all k > ko, for oll f € L, we have

1. for € >k, z and y in Ay
41 (@) = 244 (0)] < “E () L),
2. for N<{l<k,z andy in Ay
|E5 7 @) = 25 (y)| < € dla,y) [L(F) +sup |f]],
3. for{ < N, x and y in Ay

£ (@) — £ £ ()| < d(a.y) L(S) + Csup 1]
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Proof. Let f belong to L. Item 1 directly follows from the definition of L and
d(z,y).
Let x and y be in Ay, £ < k, and let us denote by 2° € Ag (resp. y°) the preimage
of z (resp. y) by F¥=*. We have
v
(3.4) L f(@) LA f(y)| = =

Uy

LA 7@ L)

Let us consider z and y in Ag; their paired preimages will be denoted by 2’ and y’.

L () — 1 ‘_'sz, T ) = s 1)
< Y Fhe ) - 1)
Fky'=z
1 JF* ()
v_Fg;zJFk ') )l ‘JFk(y’) - ‘
< L(f)d(z,y) Y (@) TF ()" pP (@)
Fky/=x

(€]
+ C d(z,y)sup|f] Z v(z!)JF*(z) ™1

Frkg'=zx

(2

The term (2) is bounded above by ||[L*1|s < M.

Let us turn our attention to term (1). Let n > 0 to be fixed later, let 2, be given
by Lemma [3.2] and assume k > ko(n). Recall (L2): for z such that F¥(z) € Ao,
JF*(2)™' < Cmo(Ck(2)) and remark that p(*) is constant on each k-cylinder.
Using Lemma we get

1) < > wE)JFFE) TP @)+ YD w@) IR )™ ()

Fre'=x ky!=x

p™) (') <" z' €(Qy)°
< APM 4+ Cm() < C(YF + ).
We have proved that for z and y in Ag, for any n > 0, provided k is large enough,
IE*f(2) = L f(y)] < Cd(a,y) [(VF +n)L(f) +sup | f]] -

Remark that we have proved also the following weak inequality for all k:

IL*f(z) —L*f(y)| < Cd(z,y) [L(f) + sup |£]]
Let ¢ be fixed and choose :

e 7 such that Cn < /2, let k; = ko(n) be given by Lemma [3.2,
e N > 0 such that Cg—g <&,

o ko >k + N and for k > kg — N, Cy* < /2.
Let k > kg and N < ¢ < k, the choices above and (B give

L f(e) L f(y)] < Z—jcm,y) [L(f) +sup | f]] < ed(w,y) [L(f) +sup | f]]
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Letting £ < N, we have

Lif(e) —LFf(y)| < Z—de@c,w (" +m)L(f) +sup |f]]
< d(z,y)[L(f) + C|f]|o]-

O

Remark 3.5. This is clear from the proof of Lemma 3.4 that trying to get a Lasota-
Yorke inequality for the transfer operator L instead of L would lead to some “weak
Lasota-Yorke inequality”, i.e. the coefficient in front of L(f) would not be strictly
smaller than 1.

3.3. Construction of cones. As stated in the introduction, to prove Theorem
[[5, we are going to use cone techniques. Let us explain a bit how to construct the
cones and how sub-exponential decay of correlations may be obtained.

We start by recalling the classical way of using cones (see [F;SI] and [Lil] for
details). To get exponential decay of correlations, it is sufficient to find a cone C
and an integer k such that L* maps C into itself and the diameter dy of L*C into
C is finite. If the fixed point A of L. belongs to C' then Theorem [Z1] gives, for any
integer j,

. , d
Oc (LM f, h) < 477 dy where v = tanhzo < 1.

Then Theorem 2.2 gives for f € C, that |LPf — hm(f)]|| goes to zero exponentially
fast for || || an adapted norm, provided f — m(f) is adapted. Then one has to
extend this result from the cone to a Banach space.

The starting point of the construction of cones is usually a Lasota-Yorke in-
equality. Looking at Lemma [3.4, one sees that in our context the Lasota-Yorke
inequality depends on the floors of the tower, it is not uniform unless if v, = %
for some 0 < @ < 1, this is equivalent to the fact that mg(A,) < Ct 6" for some
0 < 0" < 6. In general for fixed k, limsup,_, ., U‘;;" = 1. This is the reason why
we have to deal with a sequence of cones instead of a single one and why we get
sub-exponential decay of correlations.

Roughly speaking, for some fixed integer k and any integer j, we will consider a
cone C of functions f for which we control the Lipschitz constant on the first kj
floors (see condition 2 below). Thanks to the definition of L. and to Lemma[34] if f
belongs to C; then we will control the Lipschitz constant of L* f on the first k(j+1)

floors and the control is improved by a factor ﬁ < 1. This should imply that
J

L* maps C; into Cj4q with finite diameter d; such that tanh % < 117:(}%1) Then,
AW)

using Theorems B1] and B2, we get that for f in Co, L f goes to m(f)h at rate

vg

-0 in any adapted norm, provided that h belongs to all the cones C; and that

Vi
f s m(f) is adapted. This is the philosophy of the construction.

Unfortunately, things are not so simple. Firstly, to control L* f on Ao, ..., Aj, we
need to control f on all the floors (not only the first kj’s) because of the definition
of L.

Secondly, to ensure that a cone C satisfies properties of section [2 and more
specifically the condition CN—C = {0}, some positivity for the functions in the cone
is needed. Also, if C' C {f > 0} =: C, then for any f, g in C, 0c(f,9) > 0c.(f,9)
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(use Theorem ZTlwith P = Id) and

sup f/ supg
inf f infg’

90+(fag) =

As already explained, we want the invariant density h to belong to the cones. We

know that for x € Ay, h(z) = h‘;—(;) where hg is the fixed point of Ly which is

bounded by Theorem Thus, there is no hope of controlling the quantity S}E‘;:

These two problems are solved by considering a finite partition of A which is de-
composed into finitely many s-cylinders (the “compact” part) and the complement
of the union of these s-cylinders (the “noncompact” part). Then we require the
positivity of some kind of conditional expectation of f with respect to this finite
partition (see condition 1 below). This together with the control of the Lipschitz
constant on the low floors leads to a good control of f on the atoms of the com-
pact part. Then, we require another kind of control on the noncompact part (see
condition 8 and 4 below).

Let us introduce the finite partition of A. Let 1 and ¢ be given, let s be greater
than ko(n) given by Lemma[3.2. These three parameters are used to control the
noncompact part of A. Let P be the finite partition P = P; U Ps defined by:

e =1 U UM U e/ @) > =R}
R(j)>t LEN
e Py is the partition of Ps into s-cylinders.
Because of Lemma [3.2] the m measure of P is as small as we want, provided ¢ is
large enough and 7 is small enough:

mp) <m( J D+

R(j)>t teN

We will denote by D; the diameter of P; (which is smaller than «* by definition)
and by Dy the m measure of Ps.

Theorem [[Z] implies the following mixing property: for a < 1 < o’ there exists
qo such that for any integer k greater than qg, for P and P’ elements of P,

m(P N F~kP)
(3.5) a< ——————2 <o
m(P)u(P')

Let a, b, ¢, d be positive numbers and k an integer to be chosen later. For any
jeN, C(a,b,c,d,j) is the cone of functions in L such that:

1
.Ogﬁp/fdmga/fdiPEP,

[t

[\

. for £ < jk, for any elements z and y of A;,

1F(@) = F)] < d(z, 9)b / fdm,

w

. for £ < jk, for any element 2 of A; N Py, |f(x)] < c/fdm7

~

. for £ > jk, |f(x)| < %d/fdm and

If(x) — fy)] < %’“fd(x,y)d/fdm, for all x, y € Ay.



3382 VERONIQUE MAUME-DESCHAMPS

Note that the cone also depends on s, t, k, n. We will choose a, b, ¢, d, k, i, s and
t in such a way that L* is a contraction from C(a,b,c,j) to C(a,b,e,d,j+1). Let

us denote by §; = v}::’_“il)
J

Remark 3.6. It will be clear from the proofs that if there exists 0 < § < 1 such
that 0 < §; < B then condition[d]in the definition of the cone is useless. This means
that it is possible to work with the cone C(a, b, ¢) of functions f such that:

1
1. Ogm/fdmga/fdiPEP,

P
2. () <b [ fam
3. for x € Ay N Py | f(x)] §c/fdm.

Proposition 3.7. For any 0 < o < d;, for any positive numbers ag, by, co, do,
there exist an integer ko, positive numbers a > ag, b > by, ¢ > co, d > dy, and
integers s and t such that for all k > ko,

tFc(a,b,c,d,j) C C(oa,d;b,8;¢,8;d,j + 1).

Moreover, for f € E*C(a,b,c,d, ), we have

7/
—_— dm > A for all P € P,
wpy ) T =AY

where A can be chosen arbitrarily provided it is strictly smaller than 1/2.

Remark 3.8. In fact, it is clear from the proof that by modifying slightly the ar-
gument the constant A above may be chosen arbitrarily close to 1. This may be
important to optimize the rate of convergence in the exponential case.

Before proving Proposition B.1, let us explain where the contraction of each of
the four conditions comes,

e the contraction of condition 1 will follow from the mixing and the contraction
rate o may be obtained as close to 0 as we wish, provided k is large enough,

e the contraction of condition 2 will follow from the Lasota-Yorke inequality,

e the contraction of condition 3 will follow mainly from the definition of L: for
0>k, LFf(z) = =t f(a') for x € Ag and F(a') =z, 2’ € gy,

e the contraction of condition 4 follows directly from the definition of L.

We begin the proof of Proposition 37 with the following lemma which gives a
control on the sup. of functions in C(a,b,c,d,j). When there is no ambiguity,
we will forget about the dependence on a, b, ¢, d and j and write C instead of
C(a,b,c,d,j) or C(j) if we wish to emphasize the dependence on j.

Lemma 3.9. For any f € C, for £ € N and P € Py, for x in Ay N P we have

1
(3.6) |f(x)] < m!fdm—i—max[b, d]|P|/fdm,

(3.7) I£(2)| < [Da + Dy max[p, d] / fdm.
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(where D = suppep %). Forany f €C, forz e LN Ay, £ €N,

o flx) > P2 /fdm Zmaxcd/fdm

~
)

S~—
A

max|c, d] /fdm

Proof. Let f belong to C. For x € P € Py, equations (B.6) and 1) for ¢ < kj
directly follow from definitions. Just write that for z and y in P € P,

fy) = L(f)d(z,y) < f(z) < fy) + L(f)d(z, y)
and integrate these inequalities on P with respect to m. Let x, y € P N Ay with
< kj,
fy) =2 sup [f| < f(z) < sup |f];
A¢NPs AN Py
this leads to (B8] for £ < kj. Inequalities for £ > kj follow from llin the definition
of the cone. O

Let us begin with the proof of Proposition [3.7]

Proof of Proposition[3.]. We are going to check how the four conditions in the
definition of C evolve under the action of L¥. First of all, condition 4 of the cone
is very easily checked: if z € Ay, £ > k(j + 1), then L*f(z) = W"“f( "), with
x' € Ay, so [LFf(z)| and [L¥f(z) — L*f(y)| are less than vk(””é dffdm for =
and y in Ay, £ > kj. It just remains to check the first three condltlons Assume
that d is fixed, b and ¢ will be chosen to have d < min[b, ¢].

We take f € C. Wefix 0 <o <djande <o, a <1< and ¢y € N such that
(B) is satisfied for k > go. In what follows, k is greater than ¢o.

The following remark will be used many times in the proof: if f € C, then since
we choose d < max(b, ¢) we have that sup |f| < ¢ [ fdm and L(f) <b [ fdm (use
also that if £ > kj, then % <1).

Condition 1. Let P € P,

1
— / LF fdm = / fdm = / fdm
1(P) P/
P F-kp P’ﬁF kp
= / fdm—|— / fdm.
P'€P1 P'mF kP szF

Using Lemma [3.9] we get for P’ € Py:

m(F~*Pn P R o 1 o
W Pym(P) / fa=m(P)Dio [ fim| < u(P)P,mF/_ o

[ rim < ( kP”P/ /fdu+m 1D1b [ fam|

P/ﬂF kP
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using (B.H), this leads to

o L/fdm—a'bDlm(P')/fdm] S 0
/ fdm

P’ﬂF

A
‘ -

fdm

P/NF—*P

A
‘U—'\P

fdm+ bDym(P /fdm} .

’

For P, we get:

a P/ fdm — 2cDaa! / fdm < ﬁ / fdm < o/cDs / fdm.

P;NF—*P

Summing these inequalities over P € P; and P», we get (one has to notice that
m(1P2 f) > 0):

1
[ —a'D1b—2d'cDs] | fdm < —— L fdm
/ n(P) F/

(3.9) and ﬁP/ka < [1 + D1b+ cDs)d/ /fdm

Condition 2. Fix € > 0.

Let  and y belong to Ay, £ < k(j+1), using the fact that if z € Ay, £ < k(j+1),
then F*z' = z with 2’ € Ay_j;, and Lemma[3.4] we find ko and N € N such that for
k> k?(),

LR F() — L f) < Y d(, )b / fdm i 0> k
v
< 5d(a:,y)[b/fdm+sup|f|] iftN<(l<k

< d(x,y)[eb/fdm + C'sup | f]] otherwise.

Lemma [3.9] gives sup | f| < max[c, bDy + aD) /fdm so we get

(3.10) [LF f(x) —L¥f(y )|<—dxyb/fdm if 0>k
(3.11) <ed(x,y) / fdm[b+ max(c, bD1 +aD)]if N <{<k
(3.12) < d(z, y)/fdm[eb + C'max(c, bDy + aD)] otherwise.

Condition 3. Let x € Ay N Py with ¢ < k(j + 1), if £ > k, we have

—* /fdm.

Let £ > k, we denote by 20 the preimage of z by F*, 20 € Ay,
(3.13) L¥f(z) = ?Lk_ef(xo).
¢

L f(a)) < &
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For x € Ag and ¢ € N,

V@) < Y el f@) s Y S

Filg'=x Fig'=x
' €EP; z' ¢ P
< c/fdm C Z mo(Cy(z"))v(z") + /fdm[bD1 + aD] using (B1).
Fig'=x
z'eP;

So we have for z € Ay, £ < kK,

(3.14) IL* f(x)| < [cCDy 4 bD; + aD] / fdm.
We are now in position to choose the parameters. Choose
e 0 >¢,
e d>0,
o' 4+ 3/8a
°a> —,
1+ C?D
e c> , c>d,

UC—e
ob> S b>d,
o—c¢
n and ¢ such that 2a/cDy < a/4, and CDs < ¢,

s such that s > ko(n) (ko(n) is given by Lemma[B:2) and o’cD; = o/cy® < a/4,
k> ko(n), k > ko(e) given by Lemma [3:4 and k > qo given by (B:5).

With these choices, we have: for any P € P,

2/fdm < ,U(P)/L fdm < («a +3/8a)/fdm by B9),
2/fdm < H(F)/L fdm < a/fdma

for z and y in A7, £ < k(j + 1), using (310, B1T] BT12),
L7) <L) < dlo) 8b [ famit ek,
[LFf(z) —LFf(y)| < d(z,v) ob/fdm otherwise

for any x € P, N Ay, £ < k(j + 1), using (313} B14),

IN

A

[LFf(x)| < 5jc/fdm if ¢ > Fk,
(3.15)
L f(2)] < ac/ fdm otherwise.

This concludes the proof since o < §;. |

It is easily seen that all the cones C(a, b, ¢, d, j) satisfy the properties of section
In order to apply results from section 2, we have to estimate the projective
diameter of L*C(a, b, ¢, d, j) into C(a,b,c,d,j+1) and to find adapted homogeneous
form and norm.



3386 VERONIQUE MAUME-DESCHAMPS

Lemma 3.10. The projective diameter d; of EfC(a,b, ¢, d, §) into C(a,b,c,d,j+1)
is bounded above by

/ .
2log max {2(0& +3/8a) 1 +6]} .

« 71—5]‘

Moreover, the homogeneous form f — [ fdm is adapted, so is the norm
/fdm

Proof. The proof is a straightforward computation, (see [K,M,S], [Lill], [Mall Ma2]
for similar computations). O

[flle = max |e

, m(P)_l/fdm for PP, |flloo] s
P

where e > max]c, D1b].

The following lemma proves that the cones C(a,b,c,d,j) are far from being
empty.

Lemma 3.11. There ezists ag, by, cg, do such that for all a > ag, b > by and
¢ >co, d>dy and for all j € N, h € C(j).

For any [ € L, there exists R(f) > 0 such that % + R(f)h belongs to C(j) for
all j € N. Moreover, R(f) < Ct| f].
Proof. Recall that h = % where hg € L is the fixed point for Ly (see Theorem [L5).
Condition 4 in the definition of the cone is satisfied for h provided d > ||hg|| (recall
m(h) = 1). Condition 1 is satisfied for h provided a > 1. Condition 2 is satisfied
for h provided b > L(h). Condition 3 is satisfied for h provided ¢ > ||A||so-

Let f € L, choose

I71-d [ Lam
R(f) > — 4 U
U= =l
o[ f /
u(P) 1/5dm—a/5dm
R(f) > P — for all P € P,
/ f / f
L(=)—b [ =dm [=lloc — ¢ | =dm
R(pz— b/v and B(f) 2 = c—||h{oov |

so R(f) may be chosen such that there exists a constant (independent of f) such
that R(f) < Ct||f] O

We will denote by 7, = tanh %.
Remark 3.12. If the ratio v;/v;j4+1 goes to 1 when j goes to infinity then, for any
JeN,
Vik
v < ok
V(G+1)k

If the ration v;/v;41 is smaller than some 0 < § < 1, then 7; <« for some v < 1.
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In what follows, we assume that a, b, ¢ and d are large enough to ensure that
h and % + R(f)h belong to C(j) for all f € L. For j > 0, define a(j) = vi /v, if
the ratio vj/vj41 goes to 1, a(j) =77 (v is given by the above remark) if the ratio
v;/vj41 is smaller than some 0 < § < 1.

Proposition 3.13. Let f € C(1), p=kj+r, r <k, then
[EPf = hm(f)]ee < Cta(j)m(f).
For f € L, let f, = %, then
I1EP fo = hm(fv)lleo < Cta(5)[|f]l

Proof. Letting f belong to C(1), Proposition 37 implies that L/ *f and /% belong
to C(j). Applying successively Theorem 2], we get

J
Oc () (B [, EM h) < 00 (BP9 fEFUR) <o < T - A
i=2
Since the adapted norm || || is equivalent to || ||« and the form f — m(f) is
adapted, we get
1LY f = hllee < Cta(j)m(f).

This inequality leads to the estimate, writing p = kj + r and using that supL"1 <
M, for functions in C(1). To get the estimate for all functions in L, it suffices to
apply the previous argument to £ + R(f)h (use Lemma B.1T). O

v

The decay of correlations follows from Proposition by using ([3) with L
instead of Ly and m instead of my.

Corollary 3.14 (decay of correlations). If f belongs to L and g € L*(m), then
ep(f,9) < Cta([p/ED I f1lg]l-

Proof. Tt suffices to remember that
old.9) = [ gIWP(F) = han(f1) dm

and apply Proposition B3 to fh = % with fhg € L. O

We conclude this section with the estimations for functions in L and for the
initial transfer operator L.

Corollary 3.15. For any f € L and g such that gv € L*(my), for p € N, and any
increasing sequence (vg)een such that Y-, vemo(Ay) < oo, for any £ € N

sup |Lo.f — homo(f)] < Ct vea([p/E])ILf /0],
and

ep(f59) < Ct allp/EDIfIllgvls-
Proof. Tt suffices to use that Lof = v/L(f/v) for z € Ay. O

4. FURTHER DISCUSSIONS

To conclude, we will give some specific rates of mixing and some lower bounds
for the speed of convergence in the uniform norm.
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4.1. Exponential decay. If there exist constants 0 < e; and 0 < # < 1 such that
for all £ € N, m(Ay) < e16%, then it may be taken v, = ©° provided ! < 6.
In this situation, §; < ©~! < 1. Following Remark B8] it is sufficient to work
with cones C(a, b, c). We have: L*C(a,b,c) C C(ca,© 'b,0~¢) and the projective

diameter of L*C(a, b, ¢) into C(a, b, ¢) is bounded by 2log max [2((1/?/80‘), %J_rg:i ,

where 0 < a@ < 1 < o are arbitrary. We obtain exponential decay of correlations
for functions in L. Moreover the norm || ||, = max[|| ||, L( )] is adapted to the cone
C(a,b,c). This implies that the transfer operator L. on L is quasi-compact. This
quasi-compactness result has been proved by L.-S. Young ([Y1]) by approximating
L with finite rank operators. The cone method gives a constructive bound for the
second eigenvalue if it exists.

Some unimodal maps and Henon maps may be conjugating with tower having
exponentially small upper floors, that is: m(A;) < e16' ([B,Y], [Y1]).

4.2. Stretched exponential decay. If there exist constants 0 < e;, 0 < 6 < 1
and 0 < 8 < 1 such that for all £ € N, m(A,) < eleéﬁ, then it may be taken

& . . L ’ .
vy = (%) provided B’ < 3. We obtain decay of correlations in 9" for functions

in L.

4.3. Polynomial decay. If there exist constants 0 < ey, 8 > 1 such that for all

1

€N, m(Ay) < er0=P, it may be taken that v, = (f:—; provided v > 1. We obtain

)Y
decay of correlations in (;n[,—’ﬁ); for functions in L. L.-S. Young obtained decay of

correlations in 1/nf~1. Our result actually gives

Inn)?
enf,9) < O 1 gl

while in [Y2] the result is

1
Cn(fag) < Cn5,1 ||f|| ”gHOO

The fact that we have a L' norm may be crucial to obtain sharp statistical properties
on the system (like asymptotic laws of successive return times, see [C,G.5], [P]).

4.4. Lower bounds. We use a modification of L.-S. Young’s argument ([Y2]).
Letting f = h4c¢/v; on Ag with £ > 1, ¢ is such that m(f) = 1. Clearly f = % with
fo€ L. Wehave L f = h+c¢/vp on Ay for £ > n. So, for £ > n, L" f —hm(f) = c/vs
on Ay. This implies that the bound given in Proposition is optimal if the ratio
vj/vj41 goes to 1.
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